AdS/CFT endows gravity in anti-de Sitter (AdS) spacetime with a dual description in certain conformal field theories (CFTs) with matching symmetries. Tensor networks on regular discretizations of AdS space are natural toy models of AdS/CFT, but break the continuous bulk symmetries. We show that this produces a quasiregular conformal field theory (qCFT) on the boundary and rigorously compute its symmetries, entanglement properties, and central charge bounds, applicable to a wide range of existing models. An explicit AdS/qCFT model with exact fractional central charges is given by holographic quantum error correcting codes based on Majorana dimers. These models also realize the strong disorder renormalization group, resulting in new connections between critical condensed-matter models, exact quantum error correction, and holography.
Fundamental to the AdS/CFT correspondence is the observation that d+1-dimensional anti-de Sitter (AdS) spacetime has the same SO(d, 2) symmetry as a d-dimensional conformal field theory (CFT) [1] . AdS/CFT predicts that specific gravitational theories in asymptotically AdS spacetime are described by the same partition function as certain holographic CFTs, usually supersymmetric ones whose additional symmetries manifest themselves on the bulk side by additional compact dimensions [2, 3] . There exists an intimate connection between AdS/CFT and quantum information (QI). The most famous is exemplified by holographic entanglement entropy, the observation that the entanglement entropy S A of a region A in a holographic CFT can be computed as the area |γ A | of an extremal bulk surface γ A , summarized in the Ryu-Takayanagi (RT) formula [4] 
where G is the gravitational constant in the AdS bulk. A further connection between AdS/CFT and QI, deeply related to the RT formula [5] , is provided by quantum error correction, as the information of the bulk theory appears to be faulttolerantly encoded on the boundary [6] . While the AdS/CFT conjecture was formulated in the continuum, it is tempting to combine it with a discrete language tailored for QI problems: That of tensor networks, which naturally incorporate the RT formula in the form of an upper bound on entanglement and yield boundary quantum states that can be efficiently computed. The multi-scale entanglement renormalization ansatz (MERA) [7] , a tensor network that well approximates critical boundary states, was first identified as a possible realization of discrete holography [8, 9] , but the bulk geometry of the MERA cannot be directly related to an AdS time-slice [10] [11] [12] . Instead, regular hyperbolic tilings have recently been used as the basis of numerous discrete holographic models [13] [14] [15] [16] [17] [18] [19] , elucidating many aspects of AdS/CFT, including its connection to quantum error correction [13] . However, a clear interpretation of the resulting boundary states in terms of critical systems, as is possible for the MERA, remained elusive.
Continuous
Discretized
A time-slice of anti-de Sitter spacetime projected onto the Poincaré disk with radial coordinate 0 ≤ ρ < 1, shown in a continuous (left) and discretized form (right). The length of the geodesic γA homologous to a region A at the boundary ρ → 1 determines the entanglement entropy SA, but both |A| and |γA| are affected by the discretization. This example includes a massive deformation in the bulk, which does not affect the shape of γA close to the boundary.
In this letter, we propose that tensor networks on regular discretizations of AdS time-slices produce states of a quasiregular conformal field theory (qCFT), a discretization of a CFT that breaks translation invariance equally on all scales, in what we call an AdS/qCFT correspondence. This extends an earlier observation that the boundary geometry of regular tilings resembles a quasicrystal [20] . By exploring the symmetries of tensor network states on such geometries, describing their renormalization group (RG) flow, and computing the effective central charges, we provide a physical realization of this connection. From this consistent discretization, we find that properties of continuum AdS/CFT -such as the Brown-Henneaux relation between bulk curvature and central charge [1] -need to be modified in a discrete setting. Finally, we introduce a concrete tensor network model that realizes the AdS/qCFT proposal.
Conformal boundary symmetries. In 2+1-dimensions, a time-slice of AdS spacetime can be projected onto the Poincaré disk ( Fig. 1 ) with the metric
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where the constant α is the AdS radius. The AdS boundary is located at ρ → 1. In the continuum, the Poincaré disk is invariant under P SL(2, R) transformations. Describing a coordinate point by the complex number z = ρ e iφ , these transformations have the form
effectively shifting the origin of the Poincaré disk to the point w with |w| < 1 and rotating by an angle θ. We will refer to these as Möbius transformations, as P SL(2, R) is a subgroup of the Möbius group P GL(2, C). On the Poincaré disk boundary ρ → 1, these transformations are equivalent to translations and local scale transformations, equivalent to the effect of conformal transformations in 1+1 dimensions restricted to a time-slice. Furthermore, as length scales diverge at ρ → 1, our choice of a UV cutoff ρ 0 corresponds to a global scale transformation. Note that in AdS/CFT we often consider spacetimes that are only asymptotically AdS, i.e., have the form (3) close to the AdS boundary but may contain massive deformations further in the bulk. Discrete conformal transformations. Discretizing the Poincaré disk by a hyperbolic tiling breaks these continuous symmetries. We consider a regular {n, k} tiling built of ngons, k of which are adjacent at each corner (the k → ∞ case of ideal regular tilings and their symmetries was considered in [16] ). First consider the global scale transformation: Instead of a radial cutoff ρ 0 in the Poincaré disk, the lattice is truncated after a finite number of inflation steps, a prescription for iteratively growing the tiling. For finite k, a natural choice of such an inflation rule is given by vertex inflation, whereby all tiles around an open corner vertex are added in each iteration. This discrete cutoff does not follow a smooth curve at constant radius; the boundary geometry is in fact quasiregular, with self-similarity on all scales [20] . After sufficiently many inflation steps, the scaling of the total system size L in each step approaches an asymptotic value depending on the tiling. Specifically,
where f (n, k) = nk − 2(n + k) is positive for any hyperbolic {n, k} tiling (and vanishing for flat ones). This scaling law also holds for the length of any sufficiently fine-grained boundary region A. Similarly, we can compute the asymptotic scaling of the length of any discrete bulk geodesic |γ A | through each inflation step. Consider a tensor network of bond dimension χ embedded into this tiling, with each tile corresponding to a tensor and each edge between two tiles to a contraction of indices. For a minimal cut γ A through this network having the same endpoints as a boundary region A, its entanglement entropy is upper-bounded as
where s is the geodesic length of each edge, which is constant for regular tilings. We can thus bound the scaling of S A as well, and by extension, compute the maximal central charge c max [21] of the boundary state for any {n, k} tiling [22] . Furthermore, we can relate c max to the Gaussian curvature K = −1/α 2 of the Poincaré disk into which the tiling is embedded. The AdS radius α is then given by
We thus arrive at a discrete, tiling-dependent generalization of the Brown-Henneaux formula, examples of which are shown as dashed curves in Fig. 2 . At fixed n and varied (small) k, we find the boundary states of {n, k} tilings approximately following the continuum formula by a constant central charge offset [22] .
Boundary translation invariance is also broken by the discretization. We can still center the tiling around either a vertex or a tile center in the Poincaré disk to produce a global Z n or Z k cyclic symmetry, but towards the boundary, these bulk rotations corresponds to an asymptotically infinite translation. However, due to the quasiregular structure of the boundary we recover an approximate translation invariance: For example, the (vertex) inflation rule for the {5, 4} tiling can be written as
where a and b stand for boundary vertices connected to two and three edges, respectively. Starting from any arbitrary sequence of as and bs (i.e., an arbitrary convex bulk region), applying the inflation rule eventually leads to the same distribution of both letters, not only within the whole sequence, but within any sufficiently large sub-sequence. Thus, the boundary features of a regular tiling are equally distributed in any sufficently large boundary region, leading to an approximate invariance under translations. We also need to discretize the Möbius transformations ( Based on these geometrical arguments, we define a quasiregular CFT (qCFT) as a (discretized) quantum field theory that is invariant under discrete global and local scaling transformations and exhibits approximate translation invariance. Correlations in a qCFT possess a fractal self-similarity: Their possess the same disorder on all length scales. By averaging over sufficently large regions, the decay properties of the continuum CFT correlation functions are recovered.
qCFTs with Majorana dimers. While the qCFT conditions were derived from geometrical arguments alone, we can explicitly construct tensor networks with boundary states that fulfill them. Specifically, we consider tensors corresponding to Majorana dimer states. These Gaussian fermionic states, composed of paired Majorana modes, are described by tensors that are efficiently contractible and can also be interpreted as ground states of Gaussian stabilizer Hamiltonians in the context of quantum error correction. The most relevant example of this kind is the [ [5, 1, 3] ] code that encodes one logical qubit in five physical spins or fermions and has a code distance of three (i.e., can correct one Pauli-type error) [23, 24] . The logical code states0 and1 are encoded as Majorana dimer states on the physical fermions with the same correlation structure, arbitrary logical states corresponding to superpositions of the two. Explicitly, the basis state vectors can be visualized as . (8) Each arrow from Majorana mode j to k in this diagram corresponds to a term i γ j γ k in the stabilizer Hamiltonian. We can use these states as the building blocks of a class of holographic models known as HaPPY codes [13] . Specifically, we construct the hyperbolic pentagon code (HyPeC), a tensor network embedded into a {5, 4} tiling with each six-leg tensor representing the [ [5, 1, 3] ] encoding isometry: Five contracted legs representing the physical sites, while the sixth uncontracted leg represents the logical qubit encoded on the other five. Thus the contracted network represents a mapping of bulk qubits (one on each pentagon) to the physical sites on the boundary of the network. For a basis state bulk input, tensor network contraction is equivalent to simply connecting dimers across different tiles and multiplying their dimer parities [19] . As each dimer carries an entanglement entropy of 1 2 log 2, an inflation step is equivalent to an entanglement renormalization step [25] , adding entanglement through the addition of dimers along the boundary. Again, relating the growth of boundary regions to the growth of entanglement over cuts under an inflation step allows us to analytically compute central charges; for example, for the {5, 4} HyPeC,
for edge and vertex inflation, respectively [22] . On the level of the boundary states, a global inflation step results in a finegraining transformation that leaves the correlation structure invariant (Fig. 3) . This fulfills the first qCFT condition of invariance under discrete global scaling transformations. In fact, as shown in Fig. 2 , the HyPeC (as well as its blockperfect generalizations) saturate the general central charge bound at large curvature, i.e., for {n, k} tilings at large k. Local scaling transformations, which are produced by bulk Möbius transformations, also leave boundary states invariant. Consider the bulk shift of the contracted region shown in Fig.  4 : This shift is equivalent to inflation (fine-graining) of one part of the boundary and deflation (coarse-graining) of another, leading to the same boundary state up to a translation. This implies self-similarity of the boundary states between scales: Large subsystems possess the same correlation structure as small ones, and local inflations only extend the resolution of these correlations to successively smaller scales. Importantly, discrete local scaling does not change the underlying inflation method, thus leaving the boundary central charge unchanged. Finally, we also find approximate translation invariance: As Fig. 5 shows, correlations on small scales follow the same pattern in any subsystem. The renormalization group flow of these qCFT states relates them to a well-known class of critical states: Strongly disordered spin chains. The ground states of a large family of these models -such as the Fibonacci XXZ chain -are given by a configuration of spin singlets, and the RG flow can be written as a replacement rule for singlets [26] . This procedure is completely analogous to the inflation rule of a holographic Majorana dimer model, except that we are considering pairs of fermionic Majorana modes instead of spins and allowing for crossings between these pairs. As shown in Fig. 6 , the resulting entanglement scaling and correlation functions between the Fibonacci XXZ chain and the {5, 4} HyPeC are similar, as well: The entanglement entropy S A grows linearly with subsystem size = |A| in discrete intervals, but logarithmically on larger scales, with a coefficient of c/3 (with c Fib ≈ 0.796 [27] ). The average decay of correlation functions, given by a histogram of the dimers/singlets over the boundary distance d over which they are paired up, also follows the 1/d falloff, as generally expected by a critical system. In the dimer case, this histogram appears "split" into two series of correlations both decaying at the same rate; this is the result of two types of dimer pairs that appear at each length scale (compare Fig. 5 ).
Discussion. The appearance of aperiodic, quasiregular symmetries is a natural consequence of discretizing AdS/CFT on time-slices. The continuous bulk symmetries of such a time-slice are replaced by discrete ones, invariance under which leads to what we termed a quasiregular CFT (qCFT). We expect qCFTs to appear on the boundary of all tensor network models on a regular bulk geometry [13, 14, 16, 17, 28] , including p-adic AdS/CFT models [29, 30] . These models are instances of an AdS/qCFT correspondence in that the same symmetry constraints apply to all of them, with their central charge restricted by the bulk curvature through a generalized Brown-Henneaux relation. The hyperbolic pentagon code (HyPeC), studied here in its Majorana dimer form, shows that qCFTs are closely related to strongly disordered critical models, which have been extensively studied in the condensed matter literature [26, [31] [32] [33] [34] [35] . As the HyPeC is also a model of quantum error correction, we find that AdS/qCFT includes exact holographic codes, rather than the approximate codes found in AdS/MERA models [36] . The similarity to strongly disordered models also suggests that boundary dynamics can be described by an effective local (though not Fibonacci XXZ nearest-neighbor) Hamiltonian, which would allow for dynamical AdS/qCFT models. Further work should also explore the role of qCFT excitations, where the regular symmetries of the tensor network are (locally) broken.
